REAL ANALYSIS QUALIFYING EXAM
MAY 2017

Answer all 4 questions. In your proofs, you may use any major theorem, except
the result you are trying to prove (or a variant of it). State clearly what theorems
you use. Good luck.
Exercise 1. (25 points). Suppose (R, A, µ) is the measure space with A the algebra of all subsets and µ is the counting measure (i.e., µ(A) = #A for finite sets
and µ(A) = 1 for infinite sets)
(1) Is the function
⇢
e |x| , x 2 Q
F (x) =
0,
x 62 Q
integrable? (Prove or disprove.)
(2) Is the set of finitely supported functions dense in L1 (R, A, µ)? (Prove or
disprove.)
Exercise 2. (25 points).
The total variation of a complex measure ⌫ is the positive measure |⌫| defined
by the property that if d⌫ = f dµ for a positive measure µ and f 2 L1 (µ), then
d|⌫| = |f |dµ. Show that this is well defined by showing that
(1) There always exists such a positive measure µ.
(2) The definition does not depend on the choice of µ.
Exercise 3. (25 points).
Assume that {fn } ✓ L1 (R) is a sequence satisfying that for any g 2 C0 (R)
Z
lim
fn (x)g(x)dx = g(0).
n!1

R

Show that
(1) The sequence an = kfn k1 is uniformly bounded.
(2) The sequence {fn } is not Cauchy in L1 .

Exercise 4. (25 points).
Let (fn ) be a sequence of real valued Lebesgue measurable functions on R. For
each statement, prove or give a counter example:
(1) If every subsequence fnk has subsequence fnkl that converges in L1 to 0,
then the original sequence converges in L1 .
(2) If every subsequence fnk has subsequence fnkl that converges almost everywhere to 0, then the original sequence converges almost everywhere.
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COMPLEX ANALYSIS QUALIFYING EXAM

Write your answers on the test pages. Show all your work and explain all your
reasoning. You may use any result from class or the course notes, as long as you
state clearly what result you are using (including its hypotheses). Exception: you
may not use a result which is the same as the problem you are being asked to do.
Each problem has a noted value, in total 40 points.
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1. (10 points) Let D⇤ = {z 2 C : 0 < |z| < 1} and A = {z 2 C : 1 < |z| < 2}.
Are D⇤ and A conformally equivalent? Justify your answer.
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2. (10 points) Evaluate the following integral:
Z 1
dx
.
4+1
x
0
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3. (10 points) Suppose f and g are entire functions such that |f (z)| < |g(z)| for
all z with |z| R for a constant R. Prove that f /g is a rational function.
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4. (10 points) Let X be a closed and connected Riemann surface.
(a) Let ! be a meromorphic one-form on X. Prove that the sum of residues of
! is zero.

(b)PGiven n 2 distinct points p1 , . . . , pn 2 X and a tuple r1 , . . . , rn 2 C⇤ such
n
that i=1 ri = 0, prove that there exists a meromorphic one-form ! such that !
is holomorphic on X \ {p1 , . . . , pn } and has a simple pole at pi with residue ri for
each i.

