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Abstract

This paper investigates how certain relationship between observed and counterfac-
tual distributions serves as an identifying condition for distributional treatment effects
under endogeneity, and shows that this condition holds in a range of nonparametric
models for treatment effects. To this end, we first provide a novel characterization
of prevalent assumptions restricting treatment heterogeneity in the literature, namely
rank similarity. Our characterization demonstrates the stringency of this assumption
and allows us to relax it in a economically meaningful way, resulting in our identifying
condition. It also justifies the quest of richer exogenous variations in the data (e.g.,
multi-valued or multiple instrumental variables) in exchange for the weaker identify-
ing condition. The primary goal of this investigation is to provide empirical researchers

with tools that are robust and easy to implement but still yield tight policy evaluations.
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1 Introduction

This paper investigates how certain relationship between observed and counterfactual distri-
butions serves as an identifying condition for distributional treatment effects under endogene-
ity, and shows that this condition holds in a range of nonparametric models for treatment
effects. To this end, we first provide a novel characterization of prevalent assumptions restrict-
ing treatment heterogeneity in the literature, namely rank similarity. Our characterization
demonstrates the stringency of this assumption and allows us to relax it in a economically
meaningful way, resulting in our identifying condition. It also justifies the quest of richer
exogenous variations in the data (e.g., multi-valued or multiple instrumental variables) in
exchange for the weaker identifying condition.

The primary goal of this investigation is to provide empirical researchers with (i) a frame-
work where validity of identifying conditions prescribes the parameters of interest, (ii) tools
for identifying and estimating treatment effects that are flexible enough to allow for treat-
ment heterogeneity, but that still yield tight policy evaluation and are easy to implement,
and (iii) guidance on data collection that leads to drawing meaningful causal conclusions.

Our analysis centers on the relationship between observed and counterfactual distribu-
tions, specifically on the preservation of first-order stochastic dominance (FOSD) of one
distribution over the other to their corresponding counterfactual distributions: for arbitrary
compliance types t,t" € T induced by induced by individuals’ potential treatment responses

to instrumental variables (IVs), if

le‘t <FroSD lelt/ (1.1)



then

Yo|t <rosp Yot (1.2)

where Y, denotes the counterfactual outcome given treatment D = d.! This condition relates
a partial order between observed distributions to that of the counterfactual distributions.
For the sake of illustration, consider binary instrument Z € {0, 1} that affects the treatment
participation in a monotone way (Imbens and Angrist (1994)) and 7 = {C, AT, NT'} where
C, AT, and NT stand for compliers, always-takers, and never-takers, respectively. Let
Y be the observed outcome given by Y = DY] + (1 — D)Yy. A simple algebra shows that

Y1|AT <rosp Y1|C is equivalent to the following expression of the distribution of observables

PlY <|D=1Z=0<PlY<|D=12=1] (1.3)

and Yy|AT <posp Yo|C is equivalent to the following expression of the distribution of coun-

terfactual

PlY <. D=0/Z=1-P]Y <-.D=0|Z=0]
PD=1Z=0—PD=1Z = 1]

PlYy <D =1] < (14)

Therefore, (1.4) provides an informative upper bound for P[Yy < y|D = 1] (and a symmetric
analysis provides a lower bound). Note P[Yy < y|D = 1] is a necessary component in
calculating the distributional treatment effect, such as the quantile treatment effect on the
treated (QTT). We also provide an analogous analysis to bound other treatment parameters
(e.g., the average effects). The proposed bounds can be informative for practitioners provided
(1.3) holds. Although (1.3) may seem restrictive, this is not generally the case when Z departs
from a scalar binary variable. In this sense, our approach underscores the significance of

searching for richer exogenous variations of IVs, such as multi-valued or multiple instrumental

For r.v.’s A and B, let A <posp B denotes Fg(t) < Fa(t) where Fa and Fp are CDFs of A and B,
respectively.



variables, as a means of trading for less restrictive identifying conditions. Still, the benefit of
our approach can be manifested without requiring continuous or large support. We also show
that the preservation of FOSD (i.e., if (1.1) then (1.2)) yields a testable restriction under
selection monotonicity.

Nonparametric identification of treatment effects using IVs with limited support has been
a challenging goal even when the focus is on mean treatment effects, such as the average
treatment effect (ATE) and the ATE on the treated (ATT). In an influential line of literature,
Manski (1990), Manski (1997), and Manski and Pepper (2000), among many others, construct
sharp bounds on the ATE under a set of assumptions on the directions of treatment effects
and treatment selection while allowing instruments to be invalid in a specific sense. Even with
valid instruments, however, bounds on the ATE are typically wide and uninformative to yield
precise policy prediction. The local ATE (LATE) (Imbens and Angrist (1994)) and local QTE
(Abadie et al. (2002)) have been a popular alternative when researchers are equipped with
discrete IVs and impose a monotonicity assumption on the selection to treatment. However,
the local group for which the treatment effect is identified may not be the group of policy
interest. Therefore, the extrapolation of the local parameters becomes an important issue
for policy analysis (e.g., treatment allocation), in which case the identification challenge still
remains (see e.g., Mogstad et al. (2018), Han and Yang (2023)).

Another prevalent approach in the literature is to restrict the degree of treatment hetero-
geneity via rank similarity (or rank invariance). This assumption is shown to have substantial
identifying power for distributional treatment effects and the ATE and used in various non-
parametric contexts implicitly or explicitly (Heckman et al. (1997), Chesher (2003, 2005),
Chernozhukov and Hansen (2005), Vytlacil and Yildiz (2007), Jun et al. (2011), Shaikh
and Vytlacil (2011), D’Haultfeeuille and Février (2015), Torgovitsky (2015), Vuong and Xu
(2017), Han (2021) to name a few). However, their plausibility can be questionable in many
applications (e.g., Maasoumi and Wang (2019)) and testing methods are proposed as one
reaction to the skepticism (Frandsen and Lefgren (2018), Dong and Shen (2018), Kim and
Park (2022)).



In this paper, we clarify the stringency of the rank similarity assumption by characterizing
its restrictions on the relationship between observed and counterfactual distributions. In
particular, we show that the strong preservation of FOSD (i.e., (1.1) holds if and only if
(1.2) holds) is equivalent to rank linearity, a slight relaxation of rank similarity that allows
for a linear transformation of an individual’s rank to the counterfactual rank. By doing so, we
establish the connection between the rank similarity condition in Chernozhukov and Hansen
(2005)’s structural IV model and its corresponding assumptions in terms of counterfactual
outcomes within Rubin (1974)’s causal framework. Furthermore, we propose less stringent
FOSD preservation conditions that allow us to identify certain treatment parameters. We
provide economic justifications for weak preservation of FOSD by proposing a variety of non-
separable structural IV models that imply the FOSD preservation condition, but that do not
satisfy rank similarity.

Based on our identification strategy, we develop a statistical linear programming (LP) ap-
proach to estimate optimal bounds on the treatment parameters. These bounds are defined as
optimal values of LP (with a discrete outcome) or semi-infinite LP (SILP) (with a continuous
outcome). To address the infeasibility of the SILP problem, we transform the optimization
problem by (i) randomizing the constraints or (ii) invoking duality and approximates the
Lagrangian measure using sieves.

The next section formally introduces the main identifying conditions (i.e., the preservation
of stochastic ordering) and shows how to construct bounds on treatment effects. Section 3
introduces structural models as sufficient conditions for the identifying conditions presented
in the previous section. Section 4 discusses how to systematically calculate bounds using
linear programming and, finally, Section 5 presents numerical studies. In the Appendix,
Section A shows that point identification can be achieved with sufficient (but not infinite)
variation of IVs. The main text focuses on the QTE. The conditions for bounding the ATE
are provided in Section B. Section C contains more examples of structural models as sufficient
conditions and Section D holds further discussions on linear programming. All proofs are

collected in Section E.



2 Key Conditions and Bounds on Treatment Effects

Let D € {0, 1} be the observed treatment indicator, which represents the endogenous decision
of an individual responding to IVs Z. We assume Z is either a vector of binary IVs or a multi-
valued IV, which takes L distinct values: Z € Z = {z, ..., z1.}. Multi-valued or multiple IVs
are common in many observational studies (e.g., natural experiments typically provide more
than one instrument) and experimental studies (e.g., randomized control trials where multiple

2 One of the main

treatment arms are implemented either simultaneously or sequentially).
purposes of this paper is to motivate this type of IVs from the perspective of identification
analysis. Let Y] be the counterfactual outcome of being treated and Yj be that of not being
treated. They can be either continuously or discretely distributed. The observed outcome
Y € Y C R satisfies Y = DY; + (1 — D)Y;. Finally, X € X C R” denotes other covariates
that may be endogenous.

Define QTE and ATE for treated and untreated populations. For d € {0,1} and =z € X,

define

QTE,(d,z) = Qv px(7]d,z) — Qyyp,x(7]d, )

and
ATE(d,z) = E[Yy = Yo|D =d, X = z|.

These parameters are what researchers and policymakers are potentially interested. The
unconditional QTE and ATE (with respect to D = d) can be recovered when these parameters
are identified for all d € {0,1}. Throughout the paper, we maintain that the IVs are valid

and satisfy the exclusion restriction.

Assumption Z. Ford € {0,1}, Z 1 Y| X.

2See Mogstad et al. (2021) for a recent survey.




2.1 Introducing Key Conditions

Now we introduce the main identifying condition of this paper that establishes the mapping

between observed and counterfactual distributions.

Condition S;. For arbitrary non-negative weight vectors (wy, ...,wr) and (W, ..., wy,) that

satisfy Sy we =Yy, We =1, if

] =

Y wPM < D=1,Z2=2X=2]<) @PMi<|D=1,Z=2X=za], (21)

=1 =1
then
L L
D wPYo< D=1,Z=2X=2] <) @PVy<|D=1,Z=2X=z]. (22
=1 =1

Importantly, note that the probabilities in (2.1) are observed as Y; = Y given D =
1. The mapping between observed and counterfactual distributions has been considered in
Vuong and Xu (2017), whose insights we share. Suppose that Z L (Y, D,)|X additionally
holds, where D, is the counterfactual treatment given Z = 2. Under this assumption, each
probability term in Condition S; satisfies P[Y; < |D = 1,Z = 2z,X = 2] = P[Y; <
|D,, = 1,X = z]. Note that the event {D,, = 1} (for £ = 1,..., L) captures a type of
compliance to a given Z = z. Then, 37, w,P[Yy < y|D., = 1, X = ] can be viewed as
a mixture distribution of Y; weighted across different compliance types, and thus resulting
in a distribution for a hypothetical population with a specific composition of compliance
types. Therefore, Condition S; posits that the FOSD ordering between the distributions of
Y of two compliance compositions is preserved between the distributions of Y, of the same
pair of compliance compositions. For example, when L = 2 and defiers are excluded as a
possible compliance type (e.g., by Imbens and Angrist (1994)’s monotonicity assumption for
the LATE), then Condition S; simply describes the stochastic ordering between always-takers
and compliers. When L > 3, however, the composition becomes more complex as illustrated

in Section 2.3. Note that Condition S; is not an “if and only if” statement. It would be
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stringent to impose the preservation of ordering to hold in both directions. In fact, such
a condition is closely related to the rank similarity condition (Chernozhukov and Hansen

(2005)); see Section 3 for full details.

2.2 Bounds on Treatment Effects

Now, we show that Condition S; is useful in constructing bounds on Fy,p x(-|1,z) and

subsequently on QT E,(1,z). Let
L L
F(flﬁ) = {(71, ...,’YL) c RE- Z’Yé =0 and Z’YEP(ZZ’:L‘) = 1} .
=1 (=1

Theorem 2.1. Suppose that Assumption Z and Condition S; hold. Fix x € X. For v =

(717 "'77L) and 5/ = (:)/17 "')’?L) n F(.ZU), suppose

L
Py <{D=1X=2a] <) PlY <. D=1|Z=2X =1, (2.3)
(=1
L
Y AP < D=1Z=2,X=2]<PY <:[D=1X =2z]. (2.4)
(=1

Then Fyyp,x(-|1,2) is bounded by

M-

’?@P[YS ,DZO‘Z:Zg,X:.x] (25)
(=1

L
<= WPlY < D=0|Z =2,X =2 (2.6)

(=1

The proof of this theorem and most of other proofs are contained in the appendix. Note
that there can be multiple v and 4 in I'(z) that satisfy (2.3) and (2.4), respectively. Therefore,

we can further tighten the bounds as follows.

Corollary 2.1. Suppose that Assumption 7 and Condition S; hold. Fix x € X. Then,



Fyyp,x(-|1, ) is upper and lower bounded by

L
FUB 1,2)= i — PlY <y.D=0|Z =
wox@le)=_ | min ; wP[Y <, 1Z = 2],
L
FLB 1,2)= — W PlY <y.D=0|Z = z).
wox(ylle)=_ | max ; PlY <y, |Z = ]

Theorem 2.1 and Corollary 2.1 highlight the identifying power of multi-valued IVs. The
key step in Theorem 2.1 to calculate the bounds is to find 7 (resp. ) in I'(x) that satisfies
(2.3) (resp. (2.4)), which serves as a rank condition. Note that this condition is verifiable
with the data. Corollary 2.1 additionally implies that the bounds can be further tightened
if one increases the degree of freedom in the feasible set I'(x) by increasing L, in which case
(2.3)-(2.4) are more likely to hold. See below and Section 5 for related discussions.

Finally, note that

QTE (1,2) = Qyp,x(7]1,2) — Qyyp,x (7|1, x)

and the bounds on the second quantity on the right-hand side can be calculated using the

worst case bounds for the conditional quantile (Manski (1994), Blundell et al. (2007)):

Q}Lf(ﬁD,X(THyI) < QYo\D,X(TH@) < QXU/Q?D,X<T|17I)7

where Qv «(7]1,2) and Q3 « (7|1, %) are the 7-th quantiles of F{:¥}, (|1, 2) and Fy; 17, (-|1, @),
respectively. Although the bounds on ATE(1,z) = E[Y|D =1, X = z]-E[Yy|D =1, X = z]
can be calculated based on E[Yy|D =1, X =] = fol Qvo|p,x (7|1, x)dT, we present later how

the bounds on the AT'E(d, x) can be calculated under a weaker condition than Condition S;.

Remark 2.1 (Constraints on ). In Theorem 2.1, I'(x) imposes two restrictions on ~v: (i)
Zle ve = 0 and (1) Zlefygp(Zg,x) = 1. First, note that the existence of such a sequence
requires the relevance of the IV: p(zy, x) # p(ze, ) for some z;, zp. Second, note that (ii) is a

condition implied by either (2.3) or (2.4) with y — o0o. Restriction (ii) implicitly introduces a

9



scale normalization. That is, for any v satisfying 25:1 Yep(ze, ) # 0, we can always rescale

it as y* = so that Zlewp(sz) = 1. It can be shown that this normalization

#
i1 7ep(ze,)
does not affect the bounds obtained in (2.5) and (2.6).

If we assume the converse of Condition S, we can calculate bounds on the QTE(0, x).

Condition Sqy. For arbitrary non-negative weight vectors (wy, ...,wr) and (W, ..., wy,) that

satisfy Zj:l Wy = Zﬁ:l 'J]f = 17 Zf

Mh

L
Y wPYy<D=0,Z=2X=2]<> wPYy<|D=02Z=2X=2z], (27

=1 =1
then
L L
Y wPM < D=02=2X=2]<) PN <|D=0,Z=2X=z]. (28
/=1 =1

Theorem 2.2. Suppose that Assumption 7 and Condition Sy hold. Fixz x € X. For v =

(717 "'77L) and 5/ = (’717 "'7:711) n F(LE), suppose

L
Py <{D=0,X=2] <Y P[Y <-D=0|Z=2X=u1], (2.9)
=1

=
2

WPY < D=01Z=2,X=x]<PlY<:D=0X=a]. (2.10)
/=1

Then Fy,p,x(-|0,2) is bounded by

|
~
IIMh
Il

< PY; < D=0,X = 2]

L
<= WPlY < D=1|Z =2,X =a]. (2.12)
(=1

The proof of this theorem is analogous to that of Theorem 2.1. The bounds on QT E, (0, z)

can be derived symmetrically as in the case of QT'E;(1,z) and thus are omitted. Notably,

10



which treatment parameter we can obtain bounds for is determined by which identifying
condition we impose (i.e., Condition S; or Sy). In Section 3, we investigate this aspect within
economic structural models. Finally, in the Appendix, we introduce weaker conditions to

bound average treatment effects.

2.3 Understanding Key Conditions

We further explore Conditions S; and Sy to give additional interpretation and discuss testa-
bility. Suppress X = x to simplify our discussions. Under Z L (Yy, D,), the inequalities for

FOSD in Conditions S; and Sy can be rewritten as

L L
> wPlYy <y|D., = 1] <) i P[Yy < y|D., =1]. (2.13)
/=1

=1
Recall, Theorem 2.1 relies on the existence of a sequence v = (71, ..., 1) satisfying Zszl Yo =
0, Zle vep(ze, ) = 1, and the inequality (2.3), that is, P[Y < y|D = 1] < ZZL:1 Y PlY <
y,D = 1|Z = 2] for all y. Note that (2.3) is a special case of (2.13) with d = 1, which
is the “if” part of Condition S;. Let p(z) = (D = 1|Z = z). Only for the purpose of this
subsection, assume the generalized version of the LATE monotonicity introduced in Imbens

and Angrist (1994):
For { # (', either D,, > D, a.s. or D,, < D, , as. (2.14)

Under (2.14), {D,, = 1} in (2.13) are a mix of individuals who are compliers (C) and
always-takers (AT). For Z € Z = {z1,..., 2}, let (z_1, z¢)-compliers be compliers induced
by the change of Z from z,_; to z,. When L = 3 and (z1,29,23) = (0,1,2), for exam-
ple, {(0,1)-C} = {i : Dy; = 0,D1; = Dy; = 1} is the set of eager compliers (E-C) and
{(1,2)-C} ={i: Dy; = D1; = 0,Dy; = 1} is the set of reluctant compliers (R-C), following
the language of Mogstad et al. (2021). Also, {AT} = {i : Do; = Dy; = Dy; = 1} is the

set of always-takers. Let p, for £ = {2, ..., L} is the proportion of (z,_1, z¢)-compliers and let

11



p1 = P[AT]. We show that (2.13) establishes the FOSD relationship between the mixtures

of observed distributions of ¥ conditional on various always-takers and compliers groups:

Lemma 2.1. Suppose (2.14) holds and Z L (Y4, D,) and 0 < p(z) < 1 for all ¢. (i) Then,

(2.13) is equivalent to

L
o PYa < ylAT) + ) weP[Ya < yl(ze-1, 2)-C]
(=2

L
< PYy < ylAT + D @eP[Yy < yl(20-1, 2)-C)
=2
for some non-negative wy and @, for ¢ = 1,...,L. (ii) Moreover, suppose L > 2 and w; +

1 Ze 5 pgg =w; +m Ze 9 e Then (2.13) with w # W can be expressed as

p(ze)

IMh

Zwep Ya < y|(ze-1, 20)-

=2 =

Yd < y| Zp— 1,25) q (215)

for some non-negative wy and &y for £ =2, ..., L.

To illustrate the intuition of Lemma 2.1(i), consider L = 3 and (21, 22,23) = (0, 1,2).

Then,

(D=1} ={Dy=1,D; =1,Dy=1}U{Dy =0,D; =1, Dy = 1} = {AT} U {E-C},

because {Dy = 1,D; = 1,Dy = 0} = 0 and {Dy = 0,D; = 1, D,
{Dy =1} = {AT} U{E-C} U{R-C} and {Dy = 1} = {AT}.

0} = (. Also,

Lemma 2.1(ii) can be used as the basis to test (2.13) and thus Condition S;. The intuition
is as follows. With a binary IV, the marginal distributions of Y; and Y| are identified for
compliers (Abadie et al. (2002)). This result holds for any complier group defined by a
pair of instrument values, such as {(zy_1, 2¢)-C} in the lemma. Then, when L > 2, we can
find vectors w and w in RY that assign zero weights to the distributions for AT and still

make (2.13) a non-trivial inequality where all the associated distributions for compliers are

12



identified for all d =1, 0.

Remark 2.2 (Conditions w.r.t. Compliance Types). Motivated from the discussion of this
section, we can rewrite Condition S, (and all the relevant conditions) solely in terms of
compliance types. Let T = {D(z1),..., D(z1)} be a random vector that indicates a particular
compliance type with its realized value in {0, 1} = T. For ezample, when L = 2 (i.e., binary
IV), T = (D(0),D(1)) € {(0,0),(1,0),(0,1),(1,1)} = T. Since D and Z are discrete, T is
naturally a discrete random wvector. Note that this framework do not rely on any selection
models, and therefore T captures all possible compliance types given D and Z. Then Condition
S1 can be rewritten into the following slightly stringent one:

Fix z € X. For arbitrary weight functions w: 7 x X — R, and w : T xX — R, such

that >, 7 w(t,z) =, 0(t,x) = 1, if

> w(t,z)Pyyrx(tx) < d(t,2) Byrx (|t o),

teT te

il

then

> w(t,x) Fyyrx (1t x) < it o) Fyyrx (|t ).

teT te

Al

Then, the weighted sum in each inequality can be interpreted as the distribution of Yy

weighted across all compliance types.

3 Structural Models as Sufficient Conditions

We show that Conditions S; and Sy can be justified in a range of nonparametric structural
models for the counterfactual outcomes. To this end, it is useful to first present a stronger
version of Condition S; (labeled as S7). This version of the condition is motivated by the
discussion in Remark 2.2. To state this condition, we introduce a general model for treatment

selection:

13



Assumption D. Assume that
D=hn(Z,X,n), (3.1)

where n € T can be an arbitrary vector.

Note that Assumption D permits a more general compliance behavior than what a weakly
separable model D = 1{n < h(Z,X)} does (or equivalently, (2.14) as shown in Vytlacil
(2002)). Although Assumption D is not necessary for our main procedure, it is useful in
defining the types of compliance behavior (i.e., treatment selection mechanism) via the un-
observable 7. Under this assumption, the following condition implies Condition S;.*> Let

Fy,mx(ylt,z) = P[Ya <yln=1tX = x].

Condition Si. Fizx € X. For arbitrary weight functionsw : T XX — Ry andw : T xX —
R such that [w(t,z)dt = [w(t,x)dt =1, if

[ wtt) (et < [ (e Bl o)t

then

/w(t,x)FYOM’X(-H,x)dt < /w(t,a:)FyOm’X(-ﬂ,x)dt.

Because w(-,z) is non-negative and [ w(t,z)dt = 1, note that [w(t,z)Fy,y, x(:|t,x)dt
is a mixture of conditional CDFs (with w(-,z) being the mixture weight) and thus itself
a CDF. In other words, defining a type distribution W,(t) = [ “w(n, x)dy, we can write
Jw(t,z)Fy,i x(-|t,z)dt = [ Fy,,x(:|t,2)dW,(t)." Therefore, Condition Sj assumes that
the FOSD ordering of Y; distributions conditional on 7 conforming to two different type
distributions (W,(-) and W,(-)) is preserved in the ordering of Y; distributions conditional
on the corresponding type distributions.

The following lemma establishes the sufficiency of Condition S for Condition S;.

3More precisely, it implies the condition in Remark 2.2, which in turn implies Condition S;.
4Since 1 has arbitrary dimensions, the integral with respect to ¢ is understood to be a multivariate integral.
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Lemma 3.1. Under Assumption D, Condition S; implies Condition 5.

Symmetrically, Condition Sy has a corresponding stronger condition, which is omitted.
Now, we relate the conditions with the structural models, which provide additional intu-
itions for the conditions. We present a leading model here and the rest in the Appendix. For

arbitrary r.v.’s A and A, let A < A denote Fy = F;.

Model 1. (i) Assumption D holds and
Y = q(D, X, Up), (3.2)

where ¢(d,x,-) is continuous and monotone increasing and Up = DU; + (1 — D)Uy, (ii)
conditional on (1, X, Z), Uy LU + & where & L (n,U), (iii) conditional on (X, Z7), & is

(weakly) more or less noisy than &, that is, & 2 &1 4V for some V' independent of &;.

Note that U is the source of endogeneity in that it allowed to be dependent on 1. Model
1(ii)—(iii) implies that Uy £ U, + V conditional on (n, X, Z). Importantly, Model 1 nests
the model in Chernozhukov and Hansen (2005) as a special case. This can be shown as
follows. First, they assume Model 1(i) and, conditional on (X, Z), either rank similarity
(Fuely = Fuyy) or rank invariance (Up = U;).” Then, by taking { = 0 for all d in Model
1(ii), we have U, £ U, £ U conditional on (n, X, Z), which proves the claim.

Model 1(iii) assumes that the unobservable under the counterfactual status of being
treated are more (or less) dispersed than that under the counterfactually untreated sta-
tus. Although this may seem stringent, it is substantially weaker than rank similarity (or
invariance) and can be plausible in various scenarios. Before providing examples of these
scenarios, we first establish the connection between Model 1 and Condition S} (and thus

Condition S; by Lemma 3.1).

Theorem 3.1. Under Assumptions Z, Model 1 (with & being weakly more noisy than &)

implies Condition S} and thus Condition 5.

®Note that rank similarity and rank invariance are observationally equivalent under Model 1(i) in that
they produce the same distribution of observables (Chernozhukov and Hansen (2013)).
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Analogous to Theorem 3.1, one can readily show that Model 1 with & being weakly less
noisy than & implies Condition Sj.

Now we provide examples that are consistent with Model 1.

Example 1 (Auction). Consider online and offline auctions. Let Y be the bid (which sub-
sequently forms revenue) and D be participating in an auction with different format (D =1
if online and = 0 if offline). Let Uy LU+ &q be the valuation of the item where U 1is the
common valuation (correlated with D) and &, is format specific random shocks satisfying
& L (n,U). We assume that bidders have limited information on certain features of the
auction that affect valuation (e.g., they know the distribution of £, but not its realization).
In this example, what would justify var(&y) > var(&y)? It may be the case that, in the offline
auction, bidders are more emotionally affected by other bidders, which makes their bids more

variable.

Example 2 (Insurance). We are interested in the effect of insurance on health outcomes. Let
Y be the health outcome and D be the decision of getting insurance (D = 1 being insured).
Let Uy LU+ &q be underlying health conditions where U captures health conditions known
to participant (and thus correlated with D) while &y is health conditions not fully known a
priori and thus random. In this example, var(&y) > var(§1) may hold because insurance by

definition ensures a certain level of health conditions.

Example 3 (Vaccination). Similar to Example 2, suppose that D is instead getting vacci-
nation (of an established vaccine). Again, Uy LU+ &q 15 health conditions where U cap-
tures conditions known to participant (and correlated with D) and &4 is vaccination-status-
specific health conditions, which are not fully known a priori. Then, similarly as before
var(&§) > wvar(&y) may hold because, when not vaccinated, one is exposed to the risk of a

serious illness, while vaccination ensures a certain level of immunity.

The scenarios in Examples 1-3 justify Condition S; via Theorem 3.1. Then, under Condi-
tion Sy, Theorem 2.1 and Corollary 2.1 yield bounds on QT E, (1, z), the effects of treatment

for those who take the treatment. The final example illustrates the converse case.
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Example 4 (Medical Trial). In contrast to Example 3, suppose the treatment itself is risky.
That is, let D be participating in a frontier medical trial (D =1 being participation). In this
case, var(&y) < var(&y) is more plausible because, with a newly developed medicine, there is

the high risk of unknown side effects.

The scenario in Example 4 justifies Condition Sy, under which bounds on QT E, (0, z),
the effects of treatment for those who abstain from it, can be obtained.

Model 1 and these examples show how a certain treatment parameter may be more rel-
evant for policy than others depending on the plausibility of assumptions. Consider the
problem of a policymaker. Assume that the policymaker concerns risk-averse individuals,
which are typically the majority. For this policymaker, a candidate policy would aim at

" which can be either literally insurance or policies that serve as insur-

providing “insurance,’
ance (e.g., vaccination, subsidies). Therefore, she would be interested in understanding the
treatment effects for the target individuals that are risk-averse. Our procedure provides a
statistical tool for such a policymaker. That is, under Model 1, our procedure has the ability
to bound the treatment effects for individuals with D = d such that var(&;) < var(&i—q).
This is a unique feature of our setting: the plausibility of assumptions dictates the parameters
of interest, which then can be terms as assumption-driven treatment parameters.

A remaining question one might have is as follows. How much Condition S; has to
be strengthened to be equivalent to rank similarity? To answer this question, recall that

Condition S7 is stronger than Condition S; (by Lemma 3.1). We strengthen Condition Sj

further by making it an “if and only if” condition:

Condition S*. Fizx € X. For arbitrary weight functionsw : T xX — R, andw : T xX —

R such that [w(t,z)dt = [w(t,x) =1, it holds that

/w(t,x)Fyl|n,X(~|t,x)dt < /w(t,x)Fyl|n,X(~|t,x)dt
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if and only if

/ wit, &) Py (|6, 2)dt < / it ) Py (|1, ).
It turns out that we can establish the following result.

Theorem 3.2. Model 1(i) with Fy,, x,z = Fu,jp.x,z (i.e., rank similarity) implies Condition

S

This theorem highlights the stringency of rank similarity relative to Condition S;, which
is used in our bound analysis. The proof is trivial so omitted. It is worth noting that the

converse of Theorem 3.2 is not true. Here is a counter-example for the converse statement.

Definition 3.1 (Rank Linearity). Assume Model 1(i) and

FY0|n,X,Z('|t7 z, Z) = )‘(7 $)FY1\77,X,Z(¢('7 l’)'t, z, Z) (33)

foreveryt € T, x € X and z € Z, where Y(-,x) : ¥ — Y, a one-to-one and onto mapping,

is strictly increasing, and \(-,x) : Y — Ry is consistent with Fy,, x,z being a proper CDF.

This rank linearity implies Condition S*, which is trivial to show. However, rank linearity
is weaker than rank similarity as the latter is a special case of the former. To see this,
conditional on Z = z (and suppressing X), (3.3) with Model 1(i) yields Fy,, (¢ (0, y)[t) =
Ay)Fuyn(q~(1,4(y))[t). Then, by choosing A(y) = 1 and ¥(y) = é(y) = q(1,¢7'(0,y))
(i.e., the counterfactual mapping (Vuong and Xu (2017))), we have Fyy,(-[t) = Fupy(-]t).°
In general, while the ranks between Y, and Y; should have the same distribution under rank
similarity, their distributions can be different under rank linearity because of the multiplying
term A(-) in Fy,)p(ult) = AM(q(0,u)) Fy, 1y (ult). However, note that the the difference cannot be
entirely arbitrary as A(-) does not depend on ¢, and thus rank linearity still poses substantive

restrictions.

6 Alternatively, rank similarity can be equivalently stated as Fy,),(y|t) = Fy,,(o(y)|t) (where ¢(y) is
strictly increasing), which can be derived from (3.3) by choosing A(y) =1 and ¥ (y) = ¢(y).
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Interestingly, rank linearity is equivalent to Condition S*. The following theorem is one

of the main contributions of this paper. Suppress (Z, X) for simplicity.

Theorem 3.3. Suppose for any CDF Fy(-) supported on R, there always ezists a function
c: T — R such that

Fil) = [ Bl (3.4)

Then Condition S* holds if and only if there exits some (-) that is strictly increasing and
A(+) > 0 such that

Fyop(1t) = AC) Fyvn(0()IE) - fort €T, (3.5)

We prove this equivalence in the Appendix. The proof with continuous Yy is more involved
than that with discrete Yy; we recommend that the interested reader reads the latter first.
The condition (3.4) is only introduced in this theorem to establish the relationship between
rank linearity (and hence rank similarity) and the range of identifying conditions of this
paper, and it is not necessary for our bound analysis. This condition would be violated when
there is no endogeneity (i.e., Yy L ), which is not our focus.

Condition S* is crucial in bounding QTE,(x) = Qy,x(7|r) — Qyyx(7|7) unconditional
with respect to D = d. The “only if” part (i.e., Condition S;) will bound Qy;,p=1(7) and
thus Qy,(7) by Theorem 2.1, while the “if” part (i.e., Condition Sy) will bound Qy;|p=o(T)
and thus Qy, (7) by the symmetric version of Theorem 2.1. The fact that Condition S* is
weaker than rank similarity illustrates the importance of rank similarity in the identification

of the QTE and ATE.

Remark 3.1 (Testability of the Conditions). It is immediate from Lemma 2.1(ii) that Con-
dition S can be tested from the data when L > 2 and under the LATE monotonicity assump-
tion. Given the established connection between Condition S* and rank similarity (Theorem
3.2), when Condition S* is refuted from the data, rank similarity can be refuted. This result
relates to the testability of rank similarity under LATE monotonicity (Dong and Shen (2018),

Kim and Park (2022)).
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Remark 3.2 (Conditions w.r.t. Compliance Types, continued). Continuing the discussion
in Remark 2.2, Fyrz = Fuyr,z (where T = (D(0),D(1)) and X is suppressed) can be
viewed as an alternative rank similarity assumption. Because o(T) C o(n) where o(A) is a
o-field generated by a random vector A, Fy 1,z = Fuyyn,z 1mplies Fy,rz = Fyyrz. Then
Chernozhukov and Hansen (2005)’s main testable implication ((2.6) in Theorem 1 of their
paper) can be equally derived under Fy,irz = Fu,r.z, which clarifies the role of selection
mechanism in their analysis. To see this, let t = (tg,11) be the realization of T = (D(0), D(1))

and assume Model 1(i). We have

PIY <q(D,7)|2 = 2] = Plg(D,Up) < ¢(D,7)|Z = 7]
= PlUp < 7|Z = 7]

= PlUpe <712 =2T=tP[T =t|Z = 7
teT

but

Y PlUpey <712 =2T=HP[T=t|Z=2]=>Y PlU,. <7|Z=2T=tPT =t|Z =z

teT teT
=Y PlU<7|Z=2T=1HP[T =t|Z =2
teT
= PlUy < 7|Z = 7]
= T’

where Fy, 1.7 = Fyyr,z is used in the second equality and Uy L Z (imposed in their paper) is
used in the last equality.

Note that a slightly weaker version of Condition S* can be stated by replacing n with T
and the integral with a summation. Then, analogous to Theorem 5.2, one can readily show

that Fy, 1.z = Fu,r,z tmplies such a condition.
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4 Systematic Calculation of Bounds

In Theorem 2.1, there can be many ~’s that satisfy the condition (2.3) (and 7 for (2.4)),
especially with L > 3. This motivates the use of optimization in calculating the bounds via

Corollary 2.1. We only focus on the upper bound and suppress X henceforth for brevity.

4.1 Semi-Infinite Programming

To simplify notation, let p(y,d) = (p(y, d|z1), ..., p(y, d|z1)) where p(y,d|z) = PlY <y,D =
d|Z = z] and p(y|d) = P[Y < y|D =d]. Also, let 1 = (1,...,1) and p = (p(21),...,p(21))’
with p(z) = P[D = 1|Z = z] so that

I'={y:7y[1 pl=[0 1]} CR-

Consider the following linear semi-infinite programming for the upper bound on P[Yy <

y|D = 1J:
UB(y) = min —p(y,0)"y (4.1)
Y€l
st. py, 1)y >pyll), Vyel (4.2)

Note that the condition (2.3) guarantees the feasible set is non-empty. Also note that this
condition is allowed to satisfy only almost everywhere (a.e.), which we suppress for simplicity.
This program is infeasible to solve in practice as there are infinitely many constraints. We

propose two approaches to approximate it with a linear program (LP).

4.2 Linear Program with Randomized Constraints

One approach to the semi-infinite program (4.1)—(4.2) is to approximate (4.2) using an i.i.d.
simulated sample {Y;};"; as is done in the literature (e.g., Calafiore and Campi (2005)). An

obvious candidate of this sample would be {Y;}, with s, = n. Consider a sampled LP of
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the following:

UBy(y) = min —p(y,0)"y (4.3)
vyel
st. p(Yi, 1))y >pY;1). Vi=1,...n (4.4)

In Section D of the Appendix, we show that the probability of violating the original con-

straints (4.2) by using (4.4) can be bounded by O(1/n).

4.3 Dual Program and Sieve Approximation

Another approach to the semi-infinite program (4.1)—(4.2) is to invoke its dual and approx-
imate the Lagrangian measure using sieve. With the constraint p(y|1) — p(y, 1)’y < 0, the

Lagrangian for (4.1)—(4.2) can be written as

L(v, A, N) = —p(y,0)y + /y[p(yll) —py, ) dA(y) +N([1 plv—[0 17])

Z/p(yll)dA(y)— [0 1] (N1 p ]’—/p(y,l)’d/\(y)—p(y,O)’)'y
Yy y

and

UB(y) = min sup L(vy,A,\),

YERL >0, \cR2

where A is a non-negative (not necessarily probability) measure (i.e., A > 0) that assigns

weights to binding constraints. Therefore, we have the following dual problem:

Lemma 4.1. The dual problem of the primal problem of (4.1)—(4.2) is given by

UBG) = sw [ pwinase) - 1o 113 (1.5
st (1 p A= [ Pl dAG) - pl5.0) =0 (46)
y
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Note that (4.6) has a finite number of constraints (i.e., L constraints). It is trivial to
show weak duality, EE(Q) < UB(%)." Strong duality also holds because of the structure of
the problem (i.e., linearity in +, continuity of p(-,d) and p(-|d)). We establish this in the

following theorem.
Assumption C. ) is compact.

Theorem 4.1. Suppose Assumption C holds and there is v* € {y : p(y, 1)y > p(y|1)} such
that p(y, 1)'v* > p(y|1). Then, if the primal solution UB(y) is finite, then ﬁ?(g) = UB(y).

Note that A(y) is smooth as the feasible set of the primal problem is smooth due to
the smoothness of p(y|d) and p(y,d), which are CDFs. This motivates us to use sieve
approximation for A(y) to turn the dual into a linear programming problem. The smoothness
class for A(y) will be determined by the smoothness class of CDFs. Let ) is normalized to

be [0,1] and A(y) = dA(y)/dy. Consider the following sieve approximation:

J
~ Z 6,b;(y)
j=1

J , .
where b;(y) = b; ;(y) = y/(1 —y)? 77 is a Bernstein basis function. Then, the LP can
J
be written as
UB,(7) = 0;b} — JA
D)= e Z
st [1 plh— Zeblj ,0) =0,

"This is because, by (4.1)—(4.2) and (4.5)—(4.6), we have

—p(7,0)'y = {/yp(yal)d/\(y) -[1 p ]A} v = /yp(y,l)”yd/\(y) -XN[1 pl~y
> / p(y1)dAy) — N[0 1.
Yy
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or equivalently,

UB,(j)= max 60 —[0 1]\ (4.7)
6eR ,AeR?
st.  [1 plA—Bi0—p(F0) =0, (4.8)

where 6 = (04, ...,0,), b* = (bf,...,09)" with b = [}, b;(y)p(yld)dy, ba; = (bajr,-sbajL)
with by, = fy bi(y)p(y,dlze)dy, and By = [ by, --- by, ] is an L x J matrix. Using
Bernstein polynomials to approximate infinite-dimensional decision variables is also used in

Han and Yang (2023).

Remark 4.1 (Local Approximation). The LP (4.7)-(4.8) may be more stable than the LP
(4.3)~(4.4). In terms of dual, the latter approach is equivalent to having Y., p(Yi|1)A; as an
approzimation for [}, p(y|L)A(y)dy. This can be viewed as a crude local approzimation that

mwvolves a uniform kernel.

5 Numerical Studies

To illustrate the importance of multiple IVs and the informativeness of resulting bounds, we
conduct numerical exercises. We generate the data so that they are consistent with Model
1 and hence satisfy Condition S;. The variables (Y, D, Z) are generated in the following

fashion:

o Vy=q(d,Us) =1—d+ (d+ 1)Uy for Y =R, that is, Y; = 2U; and Yy = 1+ Uy

(U, n) ~ BVN((0,0), %)

V ~ N(0,0¢) and & ~ N(0,0%)

So=6+V

Ug=U+¢&
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o Z~ Bin(L—1,p)/(L—1) €[0,1] with L € {2,3,4,5,6,7,8}
(] D:1{7T0—|—7T12277}
e Y = DY, + (1 - D)Y,

Here, Z is normalized so that the endpoints of the support are invariant regardless of the
value of L. This is intended to understand the role of the number of values Z takes while
fixing the role of instrument strength. Figures 1-3 presents the bounds on Pr[Yy < y|D = 1]
while varying L. The bounds are calculated using the approach proposed in Section 4.2. We
only report L € {2,5,6} for succinctness. In these figures, the black solid line indicates the
true value of Pr[Yy < y|D = 1] and the red and blue crosses depict the upper and lower
bounds. Although the upper bound is a trivial upper bound for the CDF when L = 2,
it quickly becomes informative as L increases beyond 5. To put this in a context, this
corresponds to the number of instrument values that three binary IVs can easily surpass or

a single continuous IV.
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Bounds on P(Y°<=y|D=1)

15 "
PIY, <yID=1]
x LB
+ UB
1T+ o+ F o+ o+ o+

-0.5

Figure 1: Bounds on Pr[Yy < y|D = 1] When L =2

Bounds on P(v0<=y|D=1)

15 T
PIY, <yiD=1]
x 1B
+ uB
1 + o+ + + + + o+ o+ A

-0.5

Figure 2: Bounds on Pr[Yy < y|D =1] When L =5

Bounds on P(V°<=y|D=1)

1.5 T
PIY, < yID=1]
x LB
+ UB
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Figure 3: Bounds on Pr[Yy < y|D = 1] When L =6
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A Point Identification

Point identification of QT E,(d,z) and AT E(d,z) can be achieved as long as the stochastic
dominance ordering is preserved (i.e., Condition S; or Sy) and instruments have sufficient
variation in a specific sense. As is clear below, however, we do not require p(z) — 1 or
0 (i.e., instruments with large support). In this sense, our approach to point identification
complements the approach of identification at infinity (e.g., Heckman (1990)). To see this,

consider the following theorem.

Theorem A.1. Suppose that Assumption Z and Condition S hold. Fix x € X. For v =

(71, --,7z) in I'(x), suppose

L
Py <:D=1,X=a]=)Y %PY < D=1Z=2,X=a1]. (A1)
/=1
Then Fy,p,x(-|1,z) is identified as
L
PYo<|D=1,X=a]==> %PY <-D=0Z=2z,X =z (A.2)
/=1

The key for this point identification result is that there exists v such that (A.1) holds,
which is a stronger requirement than the inequality version (2.3). The equation (A.1) is more
likely to hold when L is large, that is, when instruments take more values. In particular, when

L — oo (e.g., continuous Z), we may view that P[Y < y|D =1, X = z] is approximated as
L
PY <y|D=1,X =z] = lim ZW,LP(ZZ,JU)P[Y <ylD=1,7Z =z, X =z,
L—oo —1

where Zle ve,r, = 0. Note that, although this does not demand an infinite support for
7, it implicitly assumes that Z sufficiently influences the distribution of Y conditional on
(D,X) = (1,z) in a way that the resulting functions, P[Y < y|D = 1,Z = 2, X = x|,

generate PlY < y|D = 1,X = z|. Importantly, whether this is possible or not can be
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confirmed from the data.

Given Theorem A.1, we identify QTE,(1,2) = Qyp.x(7|1,2) — Qyyp,x (7|1, x) where
Qvoip.x (7|1, %) is a solution to 7 = =37 wP[Y < D = 0|Z = 2,X = z]. Similarly,
under Condition Sy, we can identify Fy,p x(:|1,2) and thus QTE.(0,x). We omit this result
for succinctness.

It is worth comparing the point identification result with that in Chernozhukov and
Hansen (2005). The latter point identifies QT E,(z) with a binary instrument by assuming
rank similarity. The result of this section suggests that the identification of QT E.(z) can
alternatively be achieved when Conditions S; and S; both hold and the IVs satisfy (A.1).
To see the connection to rank similarity, note that rank similarity implies Condition S*
(by Theorem 3.2), but the latter implies Conditions S; and Sy that identify QT FE,(1,x)
and QTE,(0,x), respectively, and thus QT E,(x) jointly. In this way, the two approaches
enjoy different levels of the trade-off between restrictions on the heterogeneity and exogenous

variation.

B Conditions for Average Treatment Effects

To calculate bounds on AT E(1,z) and ATE(0,x), we introduce conditions that are weaker

that Conditions S; and S.

Condition S/. For arbitrary non-negative weight vectors (wy,...,wy) and (Wy,...,wy) that

satisfy 25:1 wy = 25:1 we =1, of

L L
Y wPVi<:D=1,Z=2X=a]<) &PV, <|D=17Z=zX=2], (Bl
=1 /=1
then
L L
S wEYD=1,Z=2X=2]<Y wEY)|D=12=z2,X=a]. (B.2)
=1 =1



Condition S| can be used to bound the ATFE(1,z). An analogous condition can be

imposed to bound ATE(0, z).

Condition S{. For arbitrary non-negative weight vectors (wy,...,wr) and (W, ..., w,) that

satisfy Sop we =Y, W =1, if

L L
Y wPYo<D=1,2=2X=a]<) @PYy<|D=17Z=zX=2], (B3)
/=1 /=1

then

L L
S wEM|D=1,Z=2X=2]<Y wEY|D=12=z2X =a]. (B.4)
=1 /=1

C Other Structural Models as Sufficient Conditions

We present two more structural models that are not nested to Model 1 in the text. Modell(i)
are maintained in these models, that is, Y = ¢(D, X, Up) where ¢(d, z,-) is continuous and

monotone increasing and D = h(Z, X, n).

Model 2. (ii) Uy < ¢(Uy, V') conditional on (n, X) where V' L (Uy,n)|X and ¢(-,v) is strictly

increasing for all v.

Model 2(ii) defines that Uy is “noisier” than U;. Therefore, Model 2 is weaker than the
model in Chernozhukov and Hansen (2005). Model 2 and Model 1 are not nested because,
in Uy = U; +V of Model 1, V is not independent of U;. We show below that Model 2
implies Condition S;. Interestingly, Model 2(ii) with Uy = ¢(Uy, V) (instead of “i”) is a
generalization of the definition that Uy is “noisier” than U; if Uy = U; + V with U; L V in

Pomatto et al. (2020, p. 1880).

Model 3. (ii) Uy < max{¢(U;),V} conditional on (1, X) where V L (Uy,n)|X and ¢(-) is

strictly increasing.
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We show below that Model 3 implies rank linearity. Model 3 can alternatively be defined
as follows: Yy < max{¢(Y1),V} conditional on (n, X) where V' L (Y1,7)|X and ¢(-) is strictly

increasing. Then, this model also implies rank linearity with ¢(-) = ¢~!(-) because
Pr[Yo < yln, X] = Pr[e(Y1) <y, V < yln, X] = Pr[Yi < ¢~ (y)In, X] Pr[V < y|X].

This model provides another interpretation of an insurance policy (D = 1) as Y; = max{Yy, V'}

guarantees at least Y. Models 2 and 3 are not nested.
Lemma C.1. (i) Model 2 implies Condition S;; (ii) Model 3 implies rank linearity.

The proof of this lemma is contained in Section E.

D Bounding Violation Probability in Linear Program
with Randomized Constraints
Let h(v,y) = p(y|l) — p(y,1)v. Following Calafiore and Campi (2005), define a violation

probability and a robustly feasible solution.

Definition D.1 (Violation probability). Let v € I' be a candidate solution for (4.1)—(4.4).

The probability of violation of v is defined as
V(y) =Y € Y :h(y,Y) >0},

where {Y € Y : h(7,Y) > 0} is assumed to be measurable.
Note that V(~v*) = 0 where ~* is the solution to (4.1)—(4.4).

Definition D.2 (e-level solution). Fore € [0,1], v € I is an e-level robustly feasible solution
ifViy) <e

Then, we can show that the violation probability at the solution, denoted as 7, to (4.3)—

(4.4) is on average bounded by 1/n.

30



Proposition D.1. Let 7, be the solution to (4.3)—(4.4). Then,

1

EenlV ()] < —7,

where P™ is the probability measure in the space Y™ of the multi-sample extraction Y1, ..., Y,.

Corollary D.1. Fiz e € [0,1] and B € [0,1] and let

n>——1.

Z 35

Then, with probability no smaller than 1 — 3, the sampled LP (4.3)—(4.4) returns an optimal

solution %, which is e-level robustly feasible.

The above results implicitly assume a particular rule of tie-breaking when there are mul-
tiple solutions in the sampled LP (see Theorem 3 in Calafiore and Campi (2005)). There is

also discussions on no solution in the paper.

E Proofs

E.1 Proof of Lemma 3.1

Let p(z,x) = P[D = 1|Z = 2,X = z] and let H(z,z) = {n : h(z,z,n) = 1} be a level set.
Then,

ngP[Yl <ylD=1,Z=z,X=x —ngPYl <y|n e H(z,x), X = x]

1t H
/ S wellt € (Ze, )]P[Yl <ylp=t,X = a]dt.
Zfa

Take w(t,z) = % Then, w(t, z) satisfies

t=1.

/ZewgltE H(Zg, )]d
Zﬁ?
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The same argument applies to @ and w(t, x), and also for the distribution of Y. O

E.2 Proof of Theorem 2.1

We suppress X for simplicity and prove the upper bound; the lower bound can be analogously
derived. Without loss of generality, for some ¢* < L, let 7, < 0 for ¢ < ¢* and v, > 0 for
0> 0*. Let q(z)) = P[Z = z/|D = 1]. Then, (2.3) can be rewritten as

é*

q(ze) x PlY <y|D=1,Z = z| — pr(ZZ)XP[YSy]D:LZ:zf]
=1 =1

Mh

L

< Z Yep(ze) X PlY <y|D =1,Z = z)].
(=41

Leta = 1-3,_, 7p(z). By definition and that S0, vp(2¢) = 1, we have a = ZeLzz*H Yep(ze)-

Therefore, we have

o+ L
Zqze ’szze)xp[ylgym:l’Z:zé]jL > Q(ZE)XP[YlﬁgAD:l,Z:zA
a
ZZ*+1

Yep(z

PIY, <ylD=1,7 =z,
{=0*+1

where SO0 | G | shE i @ —1and Y1, 1 %(Z"') = 1. Therefore, by Condition

a

S1, we have

k L

3 4z) =90 | pry < D = 1,7 = 2] + ) 90 o plyy < ylD = 1,7 — 2]
a a

(=1 0=0*+1

V4
fi%;E%QXPMSMDZLZZM'
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Equivalently, we have

L

PYo<ylD=1] < ) uxPYo<yD=1Z=z]
(=1
L

= Y x AP < ulZ = 5] - P <y, D = 0|7 = 2}
(=1

L L
— S PV <ylZ =2 -3 v x PlYo<y,D=0Z =2

=1 /=1

L L
= PYo<ylx ) %—> wuxPY<yD=0Z=z

(=1 (=1

L
= —Zw x PlY <y,D =0|Z = z],
(=1

where the last equality is by ZeLzl v =0.0

E.3 Proof of Lemma 2.1

Note that P[Y; < y|D,, = 1] = P[Yy < y|AT] and, for ¢ = {2, ..., L},

¢
1
PlY; <ylD,, =1] = @P Yy <y, {AT} U U{(Zf/fla zp)-C}
=2

by Assumption ?? and p(z;) = P[D,, = 1]. Then, in (2.13),

L

> wPlYy < y|D., =1]
/=1

L 4

w

= wi P[Y; < y|AT]+ > — <291P[Yd < y|AT]+ ) peP[Ys < y|(ze'17Zz')-C}>
(=2 =2
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and similarly for the right-hand side of (2.13). This proves (i). To remove the distributions

for AT in the expressions, we set

] =
v |&
I
&
+
=
B
g

=P
Then, note that when L > 2, w # @ even if w and @ satisfy (E.1). Therefore, the resulting
(2.13) is the dominance between the two distinct weight sums of P[Yy < y|(z¢—1, 2¢)-C]’s:
L ¢
¢

Zz—p ZP@P Yi < yl(ze-1,20)-C] < Z Z ZPZ’P Ya < yl(ze-1,20)-Cl,
o=100 =

2 1 pf/

which can be simplified as (2.15) in (ii). O

E.4 Proof of Theorem 3.1

We suppress X for simplicity. For an arbitrary r.v. A, let FY(-) = [w(t)Fap,(-|t)dt, which
itself is a CDF. By (3.2) in Model 1(i), F?, < Fy?, if and only if Fyy, < F7, . So it suffices to
show that, if Fif < Fg’l, then Fy < 117(}‘70

Let G(+) be an arbitrary monotone increasing function and g(-) = G'(-). Note that

/ Gary - / GAF = / / () Py () dt — / w(t) Eyg (ult)dt] g () du
- [1f a0 / Fu(u = si) o (s)asdt = [ w(t) [ Firyfu = slo) e (s)dsitgu)du

/// O F vy (ult) feo (s)g(u + s)dudsdt,

where the first eq. is due to the integration by part, the second eq. is by Fy,,(ult) =
J Fupy(u = s|t) feon(slt)ds = [ Fyp,(u — s|t) fe,(s)ds under Model 1(ii), and the last eq. is
by change of variables. By Model 1(iii), f¢,(s) = [ fe,(s — v) fy(v)dv = [ fe, (v) fv(s — v)dv
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where f4(-) is the PDF of an arbitrary r.v. A. Therefore,

/GM%—/GMg
u///p —wlt Z%nﬂt/kl ) fv (s — v)g(u + s)dvdudsdt
:://h“”—W@V%Mwﬂ/Vawm/ﬁxﬁmu+s+w@MMWﬁ.

Let ¢(s) = [ fv(t)g(t + s)dt. By definition, ) > 0 since g > 0. Therefore,

/GM%—/GM%
// — w(t)| Fypy(ult) /ff1 Y(u 4 v)dvdudt

/ / / Fyjy(u— vlt) fe, (v)dvi (u) dudt

//w —w(t /EMmW()Mﬁ

—/M’omwwmw /M@EWWWMWWWZQ

Sz

where the last ineq. is by Ff < Fj. Because G(-) is arbitrary, then F is first order

stochastic dominant over F g}g . g

E.5 Proof of Theorem 3.3: Equivalence Between Rank Linearity

and Condition S*

The “if” part is trivial. We prove “only if” part. Suppress (Z, X) for simplicity. Suppose
Condition S* holds. Let Yoo = {yx € R : k = 1,--- ,00} be a sequence that is dense on
R. Denote )V, = {yr € R : k = 1,--- ,n}. Because YV is dense in R and CDFs are

right-continuous, it suffices to show the existence of A\(-) and 9 (-) on Y., such that

Fyolg () [8) = A(Y) Fyypy (y]1) (E2)
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holds for all t € T and y € V.
Fix n € N. Let Gy : R — {0,1} be a simple function defined as Gy 4(-) = 1{yx < -} for
k =1,---,n. By the full rank condition (3.4), for each 1 < k < n, there exists a function

¢r T — R such that
Gial) = [ en(®)Fpfdt.
Define G : R — [0, 1] as

Goul) = / x(8) Frogy ().

Note that G is a proper CDF. Now, for any vectors 7 = (7, -+ ,m,) and @ = (71, -+, Tn)

such that Y ,_ m, = > ,_, T = 1, suppose

It follows that

/ b (£) Py - [£)t < / b(t) Py (-|1)d,

where by, (t) = Sr_, mrer(t) and b, (t) = Sop_, Teer(t). Let b (t) = max{b,(t),0} and b () =
min{b,(t),0} and similarly define b, (¢) and b (¢). Then, the above inequality can be written
as

J 10 =B @) (e < [ 550) = b)) e (o),

where the resulting weight functions on both sides are non-negative. Then, by Condition S*,

we have
> mGok() <Y wuGoxl()
k=1 k=1

By a similar argument, the converse is also true and thus we have

Z mG1i(-) < Z TGk (+)-
=1 =1
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if and only if

n

3 G < Gosl)
k=1

k=1

for any non-negative weights m and 7. Therefore, it follows that

D 60:Grk(-) <0 if and only if Y 6xGox() <0 (E.3)
k=1 k=1
for any n-dimensional vector = (01, - ,9,) that satisfies Y, &, = 0.

For d € {0, 1}, define
AS = {5€R” ; Z5kGd,k(y) < OV?JER;Z&C ZO}.
k=1 k=1

Note that {(G11(y), -+, Gin(y)) 1y € R} = {(G1,1(y), - ,G1.a(y)) : y € Yo} by definition.
Therefore, A{ is a finite cone and its dimension is n — 1. Define the polar cone of AS as
AG* = {Gq € R" : G5 < 0,¥6 € AF}. Note that by definition, (G1,1(y), -+ ,G1,.(y)) for
Yy € Yu/{yn} are n — 1 linearly independent vectors and therefore generate extreme rays of
A§*. Also note that any element in A§™* is written as (Go1(y), -+, Gon(y)) for some y € R,
and so is a vector that generates its extreme ray. But by (E.3), we have that AY = A§ and
thus Af™ = A§*, and therefore, for each y € V,/{yn}, there exists y; € R and \,(-) > 0

such that

(Goa(Wi)s -+ Gon(wi)) = Anly) X (Gra(y), -+ Gru(yr))- (E.4)

If there exists multiple values of y; satisfying (E.4), we define y; as the infimum of {7} :
(G071(g];),-~- ,Go,n(g};;)) = A(yr) X (G1,1(yk)7"' ,Gl,n(yk))}. Because CDFs are right-
continuous function, the infimum should also satisfy (E.4).

For any j, k = 1,...,n, if G ;(yx) = 0 then Gy ;(y;) = 0 by (E.4), which further implies
that Gy ;(y*) = 0 for all y* < y; because Gy ;(+) is monotone increasing. Let {ji,--- ,J,} be
a permutation of {1,--- ,n} such that y;, <y;, <--- <uy;,. Note that Gy j (y;,) is the only

non-zero component in the set {G1(y;,) : k= 1,--- ,n}. Then, by (E.4), Go, (yj,) # 0 and
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Goj, (y5,) = 0 for k > 2. Similarly, there are two elements of {Gox(y},) : k= 1,--- ,n} which
are non-zero, namely, G ;, (y;) and Gy j, (y;;) Therefore, by Gy, (y;fl) = 0and G4, (y;,) # 0
and the fact that G j,(-) is monotone increasing, we can conclude y; < y;,. Continuing this

argument, we can conclude that
Yin <Ypp < <Y

Define a function v, : yx — y; for k = 1,--- ,n. By the above analysis, ¥,(-) is a monotone
increasing function. Note that the support of ¢, is ), which we extend to R as follows: for

any y € R,

w ( ) maX{?/Jn(Z/k)yk <vy, k:L 7n} lfyzmln{yl, ,yn}
n\Y) =

—00 otherwise

Then, 9, : R — R is still a monotone increasing function.
We now consider increasing n to n + 1. By a similar argument, there exists a sequence

{QL e ,yl,ylﬂ} and A\,41(+) > 0 such that for k =1,--- ,n+ 1, we have

(Goa(W)), - Gow(yh), Gomsr (W) = Mt (i) X (Gra(ww), -+ Gra(yr)s Grsi (wi)), (B.5)

If there exists multiple values of y,t, we define y,i as the infimum of them. Note that, by (E.5)
and (E.4), y! is one of the candidates §}’s that make (Goa (1), -+, Gon(y;)) proportional
to (G11(yk), -+, Gin(ye)) satisfy (E.4). While y; is the infimum of those candidates, yl
cannot reach that infimum because it has to satisfies the additional restriction, Go,nﬂ(yl) =
A1 (Uk)G1nt1(yk).  Therefore, we can conclude that y,i > yp for k = 1,--- ,n. Using

{Y1,* " ,Yn, Yns1} and {yI,~~~ ,yjl,yjlﬂ}, define 1,,1(-) analogous to 1,(-) above. Then,

Uni1(yp) = y,i > yi = Yp(yg) for k = 1,--- ,n. Furthermore, by definition, 1,41 (Yn+1) >
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Un(Yns1) regardless of the rank order of y,.1 in Y, y1. Therefore, for any y € R,

Uni1(y) = aly),

and thus the limit of the sequence of functions v, (-) exists as n — oo, which we denote as
oo(+). Recall each 1, (-) is weakly increasing. It is easy to prove by contradiction that ¥ (-)
is strictly increasing. Fix yp € Vw. For any n > k, (Go1(Veo(yk)), -+, Gon(Vos(yr))) is

proportional to (Glyl(yk), . ,Glyn(yk)) and therefore there exists A (yx) such that

(GO,l(wOO(yk))a T 7G0,n(w00(yk))> = )‘OO(yk) X (Gl,l(yk)7 o 7G1,N(yk)) (EG)

for any n € N. Moreover, because V., is dense in R and ¢ and G, are right-continuous
functions, the above condition holds for all y € R.
Note {G1x(-) : k=1,--- ,00} is a class of simple functions. Therefore, any Fy,},(-|t) can

be written as

Fyy(-t) = 1im Y agx(t)Gr(-)

K—oo
k=1

for some triangular array {agp(t) : 1 < k < K, K = 1,2,--- ;o0}. By the definition of

G x(+), it follows that

K

Fyipy(-[t) :I}ijgozaf(,k(t)/wk(S)FY1|n("3)dS:/]}i_IgOZGK,k(t)wk(S)FYln('|8)d8
k=1

/ (L, 8) Py (-]5)ds, (E.7)

where (t, 5) = limg 00 ory axk(t)wi(s) serves as a Dirac delta function. Because Fyp(-|t) =
[ K(t, 8)Fyy 1 (-|s)ds if and only if Fy,,(-[t) < [ k(¢ $)Fy,j,(-|s)ds and Fy, ), (-[t) > [ &(t, ) Fy, (-] s)ds,

we have, by Condition S*,

Fyyin(-]t) :/ (t, 8) Fyypp(-|s)ds = lim ZaKk (t)Gox(+) (E.8)

K—o0
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using the definition of Gg (). Combining (E.7), (E.8) and (E.6), for any y € Rand t € T,

we have

Fyojn($oo(y)[t) = lim > aki(t)Gor(thoo(y)) = lim_ D arc (Ao (y)Grr(y)

which completes the proof. O

E.6 Equivalence Between Rank Linearity and Condition S*: Dis-

crete Y,

For d € {0, 1}, suppose Y; and n are discretely distributed. Specifically, let V; = {yd,l, YK, d}
and T = {t1,--- , 1k, } be the support of Y; and 7, respectively. Note that even with Ky = K,
we allow that Y, and Y; have different supports (i.e., allowing for a “drift”). Suppress (Z, X)

for simplicity.

Condition E.1. For arbitrary non-negative weights {wy, - - - ,wKn} and {1, - - 77111("} such

that 17 we = 1 and S0 g = 1, it holds that

K, K,
> wiFyp(lte) < wkFy - lt)
k=1 k=1

iof and only if

K, K,
> wiFyy(c[te) <) bk Fypy (-[te)-
P e

This condition can be motivated by the discussion in Remark 2.2.

Theorem E.1. For any probability distribution function F, supported on Y, = {Ya1, Yax,}
suppose there always evists a sequence {cq1,--- ,cqx,} such that
k"?
Fy(-) = ch,kFYd\n<'|tk>7 (E.9)
k=1
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Then, Condition E.1 holds if and only if (i) Ko = Ky and (ii) for some strictly increasing

mapping 1 : {yo,lu S 7y0,K0} - {yl,lu s 7?J1,K1} and some A : {yo,h e 7y0,K0} — Ry,

Fyo(lte) = X)) Fvap (W (W)|te),  fory € Yo,k =1,--- , K,. (E.10)

The condition (E.9) is a rank condition as the rank of matrix {Fy,,(yalt;y) : J =
1,...,Kq, j =1,---, k,} should be no smaller than K,. A necessary condition is K, > Ky,
namely, the support of 7 is no coarser than the support of Y;. The rank condition would
be violated when there is no endogeneity (i.e., Yy L ), which is not our focus. Again, the
rank condition is only introduced in this theorem to establish the relationship between rank
linearity (and hence rank similarity) and the range of identifying conditions of this paper,

and it is not necessary for our bound analysis.

Proof. By Condition E.1, we have

K K

> 0 Fy, 1y (-[tk) < 0 if and only if > 5 Fyypy(-[ts) < 0 (E.11)
k=1 k=1
for any K,-dimensional vector § = (dy,--- ,d,) that satisfies EkK:"l d, = 0.

Note that (Fy,p,(ylt1), -, (Fy;(yltk,)) for each y € Y1 /{yx, } generates an extreme ray

of the (K, — 1)-dimensional polar cone of a cone

Ky Ky
{(5 € R"™ : ZakFylm('Hk) S 0,26k = 0} .

k=1 k=1

A similar argument holds for (Fy,(-[t1), -, (Fyo(-tx,)). By (E.11), these two polar cones

are the same. Therefore, for each y;, € V1 /{yk, }, there exists a y; € Vo/{yx,} such that
(Fyolm(ilty), - Fro(Wilto))) = Aur) X (Fram(uelty), - Py (Uslts)))-
Finally it is easy to show that if yx < yx then y; < yi, and thus ¢(yx) = y; is a strictly
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increasing function.

E.7 Proof of Theorem A.1

We suppress X for simplicity. The proof is analogous to that of Theorem 2.1. Using the

same notation as the earlier proof, (A.1) can be rewritten as

L
Zq ze) — ep(2e) X PYi<ylD=1,Z = z] + Z 4(z1) x PlY1 <y|D =1,Z = 2]
a
f:E*+1

Yep(z

P, <ylD=1,7 =z,
L=0*4+1

The above equation being satisfied as equality can be viewed as being satisfied as inequalities

“<” and “>.” Therefore, by Condition S; applied for both inequalities, we have

k L
3 az0) =) o prye < gD = 1,7 = 2] + 3 1) prvy < ylD=1.7 = 2
=1 “ o ¢
- 12 | plyy < ylD = 1,7 = 2.
rmp1 ¢
Equivalently, we have
L L
PYo<ylD=1=Po <yl x> %—> wxPY <y D=0Z=z]
/=1 /=1
L
==Y wxPY <y D=0Z=z]
/=1

by 25:1 Y =0. 0O
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E.8 Proof of Lemma C.1

Part (i) can be shown analogous to the proof of Theorem 3.1. Suppose

/w(t,x)Fy1|n,X(-|t,a:)dt < /@D(t,x)Fyﬂn’X(-H,x)dt

holds for some w and w. We want to show that

/w(t,a:)Fy0|n,X(-|t,x)dt < /w(t,x)FyO|n7X(-|t,x)dt.

First, because of the strict monotonicity of ¢(d, x, ), we have

[t FoggxCitayde < [ a0 Fg o

and it suffices to show

[ wtt) P ()it < [ ate,) Fog (e, 2)dr

Second, for any v € Supp(V|X = x), because of the strict monotonicity of ¢(-,v), we have

LUy < up) 2 1(o(Ur,v) < ¢(uy,v)). Because V_L(Uy,n)|X, we have

[ wlt.) o @0t )it < [ 6(t0)Fav im0 0t . )

and thus,

/w(tax)FUon,X,V(QS('ﬂ’U)’tax?U)dt S /’Lb(t,l’)FUon’va(Qﬁ(',’U)’t,.T,U)dt.
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Conditional on (1, X, V'), Supp(¢(Uy,v)) = Supp(¢(Uy, V') = Supp(Up). Therefore, for ug in

that support,

/w(t,x)FU0|,77X7v(u0|t,x,v)dt < /w(t,x)FUM,X’V(uOH,x,v)dt.

It follows that

//w(t,x)FU0|n7X,V(u0|t,m,v)fv|X(v|x)dtdv
§//w(t,x)FUOWX,V(uoH,x,v)fwx(v]x)dtdv

Note that fyx = fy,x. Then, by the law of iterated expectation, we have
/w(t,x)FUom,X(uoH,x)dt < /w(t,x)FUon,X(uo\t,x)dt.
Next, we prove part (ii) by first noting that
Pr[Uy < u|n, X] = Pr[o(Ur) < u,V < uln, X| = Prp(U;) < uln, X]Pr[V < u|X].
Therefore,

Fyyppx (ylt, ) = Pr(g(0,2,Up) < yln =t,X = x| = Pr[Uy < g 10, 2,9)|n=1t,X = 1]
=Prip(U;) < g7'(0,z,y)ln = ¢, X = 2] Pr[V < g7'(0, z,y)]
= Pr[Y; < g(1,2,¢ (g7 (0,2,9)ln = t, X = 2] Pr[V < g7(0,2,y)]

= FY1|777X(77Z)(97 J})|t, l‘))\(y, x)a

where ¥(y,z) = g(1, 2,6 (¢7'(0,2,y))) and A(y,z) = Fy (g '(0,z,y)). O
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E.9 Proof of Theorem 4.1

The proof is immediate by applying Theorem 6.9 in Hettich and Kortanek (1993). This is

because (i) the primal problem is superconsistent as both p(y, 1) and p(y|1) are continuous

on compact Y and (i) v* € {y : p(y, 1)’y > p(y|1)} such that p(y,1)'v* > p(y|1). O
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